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ABSTRACT 
Damage tolerant active control is a new research area targeting to adapt fault tolerant control methods to mechanical 
structures submitted to damage. Active vibration control is a mature engineering area, using modern control 
methods to address structural issues that may result from excessive vibration. However, the subject of structural 
vibration control under damage represents a novel subject in the literature. There are some difficulties to adapt 
regular controller designs to active control, which may not result in good performance even for healthy structures. 
Fault detection and diagnosing research has conducted to development of the fault tolerant control area, whose 
methods are equally hard to translate to damaged structure control. Spatial active vibration control encompasses 
some techniques that present important features to structure control, however this is not necessarily true in the 
general control design area, where spatial constraints are normally not involved. We propose in this paper an 
investigation of these spatial techniques, applied to structural damage control. Several new strategies for vibration 
control are presented and analyzed, aiming to attain specific objectives in damage control of mechanical structures. 
Finite element models are developed for a case study structure, considering healthy and three different damage 
conditions, which are used to design controllers, adopting an approach based on a 𝐻∞ spatial norm, and according 
to some of the proposed strategies. Discussion of the achieved results contributes to clarify the main concepts 
related to this new research area, and controller performance analysis permit to foresee successful real case 
application of the techniques here described. 
 
KEY WORDS:  Damage Tolerant Active Control, Spatial 𝐻∞  Control, Fault Tolerant Control, 
Structural Health Monitoring, Active Vibration Control, Piezoelectric, Smart Structures, Finite 
elements. 
 
1 INTRODUCTION 
Development of new technologies and materials, aiming to extend the operative life of 
mechanical structures and increase the level of safety standards, constitute a modern challenge 
that calls for the use of advanced tools, methods and procedures. New generations of mechanical 
structures based on smart materials possess the ability to change their physical properties in 
response to specific stimulus. Embedding smartness to structures improves its intrinsic or 
extrinsic characteristics and entails innovations beyond the ingenious design of final products. It 
also brings significant impact on processes and systems adopting the new structures. For example, 
smart composites can present the ability to monitor its structural health and therefore to guarantee 
better control of its passive, active or adaptive functions. Smart structure development in general 
opens new fascinating frontiers for applied research and product engineering.  
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Recently, the concepts of Damage Tolerant Active Control (DTAC) were proposed [1]. DTAC 
systems represent a new research area that has intersections with both Fault Tolerant Control 
(FTC) and active control of vibration areas. DTAC systems’ framework is based on Structural 
Health Monitoring (SHM), in the same way that most FTC methods rely on Fault Detection and 
Diagnosis (FDD) systems, to provide feedback data used to achieve the performance goals of the 
controller [2]. Intense research activity in the last decades brought to maturity several methods of 
the aforementioned areas. This effort represents the application of multidisciplinary monitoring 
methods to assess complex systems of modern engineering, seeking essentially safe operation and 
useful life extension for these systems, generally based on evaluation of their operational status, 
and eventually applying control methods to ensure the required performance. DTAC systems 
therefore comes to use a wide multidisciplinary context, applying knowledge from different fields, 
such as mechanical structures modeling, signal processing, instrumentation, fracture mechanics, 
modal analysis and artificial intelligence, among others. 
SHM methods provide fault detection and diagnosis of the state of a mechanical structure [3] [4] 
[5] [6] [7]. Such methods have been developed at various engineering sectors, especially air or 
land vehicles [8] [9] and civil structures [10]. SHM is now considered the key technology to pave 
the transition from traditional schedule-driven to condition-based maintenance [11]. 
Active control of mechanical structure vibrations has evolved significantly in the last two 
decades [12] [13] [14]. A known example of successful application of these methods is the 
response control of buildings to vibrations caused by winds or earthquakes [15] [16]. Several 
other problems have been treated in the literature [17] [18], and an increasing number of 
applications may become common in the near future, following the trend of lighter structures. 
Fault detection techniques associated to control methods have conducted to the development of 
the FTC area, beginning with the case of a robust controller that is designed to encompass some 
previously conceived faults. This is known as passive FTC, despite the fact that a controller is 
involved, because the controller is not expected to change due to the occurrence of a fault. Two 
main classes of active FTC methods, when the controller changes, may be identified: the 
reconfiguration of the controller in face of faulty conditions, in order to maintain adequate 
performance; or the fault accommodation through switching the controller to another one 
previously designed [19] [20] [21]. However, simple application of these active FTC methods to 
damaged structures brings new challenges, and consequent specific solutions, thereby generating 
the new area of DTAC. To the better knowledge of the authors, there are very few publications 
applying active reconfigurable or switching control of vibration techniques to damaged structures. 
Attempts to design control architectures that take fatigue into account, in order to prevent from 
potential damages, have been proposed recently in [22] and [23].  
Smart structures include in general embedded sensors, actuators and eventually processors, 
enabling them to diagnose and react to abnormal states, and thus minimizing the effects of a 
possible damage. Including embedded digital processors, smart structure capabilities may 
integrate a high level of computational intelligence. New methods and procedures are necessary, 
conducting to automatic analysis, diagnosis and damage control processes. The range of 
embedded techniques to monitor and control mechanical structures now can adopt a large amount 
of transducers, routines for the detection of faults, its diagnosis and prognosis, and also the 
reconfiguration of the active control algorithms in response to a damage, be it a permanent change 
or a specific response facing an emergency or harsh situation. 
Pursuing DTAC goal to control damaged smart structure vibrations, two different controller 
objectives may be adopted: vibration suppression in the whole structure or only in some specific 
parts. In this paper, an approach to DTAC system design, based on spatial H∞ norm, is presented, 
aiming to maintain acceptable performance for a possibly damaged controlled structure. Active 
vibration control of structures is basically concerned with spatially distributed systems. These 
system models are governed by partial differential equations that can be discretized using a modal 
analysis procedure, which leads to mode shapes that describe the spatial characteristics of the 
structure. In the case of irregular geometries and non-trivial boundary conditions, analytical 
solutions are not available to generate this type of model. Finite Element (FE) and system 
identification methods are often used to represent spatially distributed models. Numerical 
simulations provide the ability to understand the relative effects of property changes in great detail, 
such as brought by damage, and are thus quite fundamental for design. In this work, FE models, 
for healthy and damaged smart structures, are used to design spatial controllers intended to 
manage vibration suppression in the presence of structural damages.  
The common approach to active vibration control design is to assume an input disturbance in one 
or more specific positions, with authority to locally excite dominant modes. In this case, and 
especially if a damage is present, one needs to adjust the controller for each considered vibration 
mode, in order to not increase unexpected vibration modes at some structure regions (damaged or 
not). Furthermore, it is common to have some specific position to measure the vibration to be 
controlled, often in a collocated configuration of inputs and outputs. Applying a 𝐻∞ based 
approach, which is currently the preferred design method for active vibration control, early work 
of the authors [24] has investigated a combined scheme allowing vibration rejection and sensor 
faults detection on smart structures. As in these approaches, one use only specific points for input 
and output, it does not adequately take into account the spatial restrictions of the structure. This 
opens the way to spatial norm definitions and respective controller design methods [25]. 
To control (healthy) structures, some early works introduced the application of spatial norms [26] 
[27]. The authors proposed to use spatially distributed models instead of these mentioned point-
by-point framework or, as generally called, pointwise models. These norms have been employed 
to elaborate collocated optimal 𝐻2 and 𝐻∞ spatial controllers that ensure vibration reduction 
over entire structures in a spatially average sense. This is done by employing the spatial 
information embedded within the models of structures that result from modal analysis. Robustness 
of collocated controllers have been investigated and implemented effectively on real structures 
using piezoelectric transducers (PZT) by [28] [29] and [30]. The improved performance obtained 
using spatial approach to control healthy structure vibration is well established now [31] [32]. 
The objective of this paper is to further explore issues in vibration analysis for smart structure 
testing and control, considering the occurrence of damage. It presents a spatial approach to 
perform DTAC on damaged smart structures. We propose to investigate 𝐻∞ spatial control 
applied to damaged structures with non-collocated PZT sensors and actuators, under some 
strategic treatment of DTAC goals. Comparing collocated and non-collocated configuration, the 
last one present restricted stability performances and do not have necessarily the same number of 
inputs and outputs [13] [33]. Structures always present flexibility between the actuator position 
and the region where the vibration must be attenuated, which entails the collocated concept only 
for theoretical applications. Composite smart structures, constructed with the active elements 
embedded in non-isotropic composite layers, are clearly the non-collocated case. Discussions of 
FE simulated results are here presented, adopting the spatial approach and new control strategies, 
which are applied to a case study smart structure.  
The outline of the rest of the paper is the following: in Section 2 DTAC different strategies and 
respective controller architectures, which are going to be explored in the examples, are presented; 
in Section 3, the Finite Elements models used in the simulations are given, including details about 
transducers and damages representations; in Section 4, the mathematical model approach for 
spatial norm based controller design is presented; in Section 5, simulated results for a cantilevered 
structure is developed, including a spatial robust controller and damage effects; in Section 6, 
application of some DTAC configurations and strategies are analyzed; a discussion of the results 
is presented in Section 7 and final remarks and future perspective are drawn in the last section. 
2 STRUCTURES AND DAMAGE CONTROL 
DTAC systems mean essentially active control of mechanical vibrations of structures aiming to 
maintain an adequate performance under the possibility of structural damage. Applications 
demand a network of transducers to produce measurement data to feedback the control loop, but 
also to feed specialized modules implementing structural integrity analysis techniques, in order to 
guarantee that the DTAC controller attains its goals. Ergo, the structure has to be smart to embed a 
DTAC system. A brief insight of smart structure constitution is given in the sequence. 
2.1 Smart functions in structures 
Advanced structures with improved self-capabilities have been intensively studied over the last 
four decades [34]. A smart structure needs the ability to respond to internal changes and also to 
environmental conditions. It means that built-in sensors and actuators are necessary, to monitor 
and diagnose these changes. Smart structures emulate some characteristics of a biological system 
as sensing, actuation, adaptability and self-repair. Development of smart structures is fuelled by 
the on-going technological progress and evolution of performance demands. 
Different materials can be used on smart structures to act and sense. Among possible current 
transducers, piezoelectric materials are those widely used, due to their adaptable properties. 
Because piezoelectric elements can be used for mechanical to electrical transduction and vice-
versa, they can be adopted as sensors and/or actuators, which makes it easier to integrate the smart 
functions to the structure. Commonly used piezoelectric materials are semicrystalline polymer 
film PVDF (polyvinylidene fluoride), and PZT ceramic (lead zirconate titanate). 
Nowadays, and particularly in aeronautical industry, composite materials are increasingly used 
due to their strength properties. Because of its multilayer structure, they are suitable to host smart 
materials. Indeed, embedded sensors and actuators could be easily incorporated into the composite 
as a smart layer, during or even after the manufacturing phase of the composite panels. 
Therefore, based on the adopted objectives to perform structural active control, different 
strategies may be considered, depending if the structure is in a healthy condition or if damage was 
detected. The respective framework is presented in Fig. 1, where the strategies depend if the 
structure has an identified damage or not. If the structure is a healthy one, there are two strategies: 
 Strictly tolerant active control; 
 Preventive active control; 
If damage is identified there are two other strategies to be applied: 
 Evolving damage active control; 
 Adaptive tolerant active control. 
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does not alter the modal properties of the structure. Moreover, nodes inside this damage-patch 
could be removed to create crack damages. It is possible to see in Fig. 4b two examples of this 
automatic generated approach to represent damage in FE models. Notice also that there is a mesh 
for the structure, a different one for the damage boundaries and a third for the damage itself. 
4 SPATIAL NORM-BASED CONTROL DESIGN 
An active vibration control methodology based on a spatial 𝐻∞ norm definition [30] has been 
studied in the last two decades, starting from the initial work of [26]. This approach may be very 
useful to DTAC systems, and is explored further in this paper. It must be emphasized that 
application of these concepts to damage control is probably unique to DTAC, representing a 
control methodology that may not be used by a regular FTC system. The idea is to control the 
vibration in predefined regions of the structure, instead of having pointwise controllers, i.e. a 
norm minimization at specific points where the structure has performance indicators or sensors. 
In pointwise active control, the controller is designed based only on the information of some 
positions along the structure [43]. Notwithstanding, vibration characteristics at other locations 
along the structure are not indeed accounted for. This may cause problems if vibration reduction 
over the entire structure is needed. To deal with such issues, [29] have extended the 𝐻2 and 𝐻∞  
norms to spatially distributed systems. Before introducing the spatial controller, we address first 
and briefly the general robust design framework. 
4.1 Modal model 
Second-order differential modal equations are commonly used to represent structure behavior, 
because it is basic for a FE model, and can be easily converted to state-space formulation used in 
control area. Beginning with the nodal second-order approach, the concentrated parameters matrix 
equation of a generic mechanical structure is modelled as 
𝑀𝑝?̈? + 𝐷𝑝?̇? + 𝐾𝑝𝑝 = 𝐵0𝐹𝑎 (1) 
where 𝑝 is the displacement vector for the adopted nodes, 𝑀𝑝, 𝐷𝑝 and 𝐾𝑝 are respectively the 
inertial, damping and stiffness matrices, 𝐹𝑎 is the vector of external forces acting on the structure 
and 𝐵0  reflects its position distribution. Mechanical structures have an infinite number of 
vibration modes, and modelling them inevitably limits it to an adequate number, in order to 
represent the problem at hand. The modal matrix is defined as 
Φ = [𝜙1 𝜙2 … 𝜙𝑚] 
where 𝛷𝑖, 𝑖 = 1, … 𝑚 are the first m natural modes. Considering the transformation for modal 
coordinates obtained using 𝑝 = Φ𝑞 and pre-multiplying (1) by Φ𝑇, it results 
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that may be written as 
𝑀𝑚?̈? + 𝐷𝑚?̇? + 𝐾𝑚𝑞 = 𝐵𝑚𝐹𝑎 (3) 
where 𝑀𝑚 = Φ
𝑇𝑀𝑝Φ, 𝐷𝑚 = Φ
𝑇𝐷𝑝Φ, 𝐾𝑚 = Φ
𝑇𝐾𝑝Φ, 𝐵𝑚 = Φ
𝑇𝐵0, commonly known as modal 
matrices, with 𝑀𝑚 and 𝐾𝑚 diagonal matrices. In order to get also a diagonal modal damping 
matrix, which is very convenient for the modal analysis, it is common to adopt the proportional 
form, 𝐷𝑝 = 𝛼𝑀𝑝 + 𝛽𝐾𝑝 , where 𝛼  and 𝛽 ≥  0.  This assumption gives rather approximate 
values considering that flexible structures have very small damping factors in general. 
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index depends only on time. But to include the spatial restrictions we need to formulate the 𝐻∞ 
spatial control problem where the performance output vector depends also on the spatial position. 
Considering initially only the time dependence, the state-space formulation is represented in (6): 
?̇?𝑝(𝑡) = 𝐴𝑝𝑥𝑝(𝑡) + 𝐵𝑤𝑤(𝑡) + 𝐵𝑢𝑢(𝑡)
𝑧(𝑡) = 𝐶𝑧𝑥𝑝(𝑡) + 𝐷𝑧𝑤𝑤(𝑡) + 𝐷𝑧𝑢𝑢(𝑡)
𝑦(𝑡) = 𝐶𝑦𝑥𝑝(𝑡) + 𝐷𝑦𝑤𝑤(𝑡)
 (6) 
Given a state-space controller as 
?̇?𝑘(𝑡) = 𝐴𝑘𝑥𝑘(𝑡) + 𝐵𝑘𝑦(𝑡)
𝑢(𝑡) = 𝐶𝑘𝑥𝑘(𝑡) + 𝐷𝑘𝑦(𝑡)
, (7) 
the 𝐻∞ problem is to find the controller matrices which satisfy the infinity norm, stated as an 
optimization objective function for the transfer matrix 𝑇𝑧𝑤 between the disturbance 𝑤(𝑡) a
nd performance 𝑧(𝑡) according to (6), which is a well-known problem. 
𝐽∞ =
∫ 𝑧(𝑡)𝑇𝑧(𝑡)𝑑𝑡
∞
0
∫ 𝑤(𝑡)𝑇𝑤(𝑡)𝑑𝑡
∞
0
 (8) 
To take into account a spatial region Ω where we want to minimize the 𝐻∞ spatial norm, a 
space dependent weighing matrix 𝑄(𝑟) , where 𝑟 ∈ Ω  is the spatial vector, is introduced 
according to (9): 
𝐽∞ =
∫ ∫ 𝑧(𝑡)𝑇𝑄(𝑟)𝑧(𝑡)𝑑𝑟
Ω
𝑑𝑡
∞
0
∫ 𝑤(𝑡)𝑇𝑤(𝑡)𝑑𝑡
∞
0
 (9) 
Considering the objective function in (9), the new performance vector may now be written as  
𝑧(𝑟, 𝑡) = 𝐶𝑧(𝑟)𝑥𝑝(𝑡) + 𝐷𝑧𝑤(𝑟)𝑤(𝑡) + 𝐷𝑧𝑢(𝑟)𝑢(𝑡) (10) 
or,  
𝑧(𝑟, 𝑡) = [𝐶𝑧(𝑟) 𝐷𝑧𝑤(𝑟) 𝐷𝑧𝑢(𝑟)][𝑥𝑝(𝑡) 𝑤(𝑡) 𝑢(𝑡)]
𝑇 (11) 
Defining an auxiliary matrix 𝛤 such that 
Γ𝑇Γ = ∫ [𝐶𝑧(𝑟) 𝐷𝑧𝑤(𝑟) 𝐷𝑧𝑢(𝑟)]
𝑇𝑄(𝑟)[𝐶𝑧(𝑟) 𝐷𝑧𝑤(𝑟) 𝐷𝑧𝑢(𝑟)]𝑑𝑟
Ω
 (12) 
and the new performance index as 
𝑧𝑟(𝑡) = Γ[𝑥𝑝(𝑡) 𝑤(𝑡) 𝑢(𝑡)]
𝑇=[Π Θ𝑤 Θ𝑢] [𝑥𝑝(𝑡) 𝑤(𝑡) 𝑢(𝑡)]𝑇, 
it results 
𝑧𝑟(𝑡) = Π𝑥𝑝(𝑡) + Θ𝑤𝑤(𝑡) + Θ𝑢𝑢(𝑡). 
It is then possible to write the spatial objective function as 
𝐽∞ =
∫ [𝑥𝑝(𝑡) 𝑤(𝑡) 𝑢(𝑡)]Γ𝑇Γ[𝑥𝑝(𝑡) 𝑤(𝑡) 𝑢(𝑡)]𝑇𝑑𝑡
∞
0
∫ 𝑤(𝑡)𝑇𝑤(𝑡)𝑑𝑡
∞
0
, (13) 
conducting to (14), now similar to (8), 
𝐽∞ =
∫ 𝑧𝑟(𝑡)
𝑇𝑧𝑟(𝑡)𝑑𝑡
∞
0
∫ 𝑤(𝑡)𝑇𝑤(𝑡)𝑑𝑡
∞
0
. (14) 
which is similar to a regular 𝐻∞ objective function. Then, the spatial 𝐻∞ problem may be 
solved using known methods for the 𝐻∞ problem. 
4.4 Model reduction 
As mentioned before, real structures have an infinite number of vibration modes or degrees-of-
freedom (DOF). To elaborate a useful mathematical model, we first choose an adequate number of 
nodes, which implies a consequent number of DOFs, reflecting a bandwidth of interest. To 
account for local geometrical details, especially to model damages and their spatial variations, FE 
method is the most used to model structures. FE method leads in general to significantly large 
models, impacting on the controller order, and eventually resulting in numerical difficulties. To 
solve this conflict, a model reduction technique is necessary. 
The simplest approach for model reduction is by direct truncation, projecting the nodal 
displacements on a truncated modal matrix model. This pure truncation of high frequency modes 
is often a poor approximation. The neglected modes are ignored by assuming that their collective 
impact on the in-bandwidth modeled dynamics is minor. However, for control design purposes a 
controller based on such a model can alter zeros of the system, and, as closed-loop performances 
are largely dictated by open-loop zeros, one can expect differences between simulated and 
experimental results. It is, therefore, important to improve the reduced model of the system so that 
high performance controllers can be designed.  
The approach used here is based upon including additional modes with resonant frequency far 
from the desired bandwidth, such that the flexibility of this single mode is equivalent to that of all 
out-of-bandwidth modes, omitted from the expansion. During the last decades, several 
publications have proposed to obtain a feedthrough term to capture the effect of truncated modes 
in an optimal way [25] [44]. In [29] and [30], the authors have extended this idea to the spatial 
model. In this case, the feedthrough term is found by minimizing the weighted 𝐻∞ and 𝐻2 
spatial norms of the error between the infinite dimensional and the truncated model [45]. However, 
from a FE simulation point of view, the modal basis with augmented states is generally preferred 
to using a feedthrough term. It induces only marginal increase of numerical cost.  
In this work, given the position of actuators and sensors, the finite-dimensional model is 
obtained after a choice of a restricted subspace (or modes) that sufficiently describe the global 
dynamic behavior in the bandwidth of interest. Following the preceding discussion, the resulting 
reduced model is augmented by two second order poles, placed at least one decade beyond the 
bandwidth of interest. This model results in a system transfer function that maintains the 
appropriate pole-zero relationship. 
5 SPATIAL 𝑯∞ CONTROL AND STRUCTURE DAMAGE 
Next subsection presents details of the FE modeling of the healthy structure, for the complete 
and nominal models. In the sequence, the spatial 𝐻∞ controller is designed and its performances 
are shown through comparison between structure response to disturbance and a controlled 
response. Finally, the last subsection shows the effect of a small damage on the structure response. 
5.1 FE simulation of the healthy structure 
Following the model reduction approach previously described, two second order out-of-
bandwidth terms is included in the model, to ensure that the high frequency response content are 
close to that of the actual structure response. Damping value of 𝜉𝑖 = 0.7 and frequencies 
𝜔1 = 5000 𝑟𝑎𝑑/𝑠 and 𝜔2 = 5400 𝑟𝑎𝑑/𝑠 were adopted for these two terms.  
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Fig. 7: Selected outputs, inputs and the impact zone to be monitored 
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 (15) 
with 𝑅 a weighting factor adjusting the level of the control signal, in order to have a satisfactory 
trade-off between control effort and vibration reduction, and 𝛤𝑇 = [Π 0 0] is obtained from 
the following integral 
𝛤𝑇𝛤 = ∫ 𝐶𝑧(𝑟)
𝑇𝑄𝑤(𝑟)𝐶𝑧(𝑟)𝑑𝑟
Ω
 
where the spatial weighting matrix 𝑄𝑤(𝑟) is chosen according to the region of the structure 
where we want to control the vibration. 
Fig. 7 indicates the positions of the measured output vector 𝑦𝑛(𝑡) and one arbitrarily chosen 
displacement output 𝑧(𝑡), which is only used to give a comparison reference of the controller 
performances. This performance output could be experimentally measured using a laser 
vibrometer. The respective controller, designed based on the healthy structure nominal model, is 
called here the first controller. The impact area, also indicated in Fig. 7, is the region where the 
subsequent damage will be included. 
The first simulation refers to the healthy structure with unitary spatial weighting function, which 
means that the vibration reduction effort is equally performed along the plate. An adequate value 
of 𝑅 is chosen (𝑅 = 0.3) as a compromise between performance and stability. Fig. 9 shows the 
magnitude Bode diagram of the open loop and the closed loop system for the performance and the 
measured outputs. To highlight the controller effect on the vibration attenuation of the structure 
nominal modes we used in this case the nominal model to close the loop and obtain the frequency 
responses shown in Fig. 8. 
For the next simulations, the controller is designed using the nominal plant model but we adopt 
the complete model to close the loop, in order to evaluate its robustness and spillover avoiding 
capabilities. The modes in Fig. 8a are numbered respecting the frequencies given inTable 
1.Considering the 𝑧 output, it is possible to notice that the peak reduction for mode 1 is more 
than 20 𝑑𝐵, what is true also for mode 2, with a smaller attenuation for modes 6, 8 and 10, 
and less attenuation at mode 4, near 5 dB. Modes 3, 5, 7 and 11 are not present in any response, 
open or closed loop. The 𝑦1 and 𝑦2 responses are similar to the 𝑧 response.  
Considering Fig. 9, where the complete model is used to close the loop, the in-bandwidth 
frequencies present the same behavior, and the highest frequencies did not show significant 
variation. We can notice that spillover is not present and this first controller shows good results. 
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6 APPLYING DTAC STRATEGIES 
As mentioned before, there are several strategies to be adopted in a DTAC framework. For the 
present study, we are beginning in the next subsection with the basic approach where the 
controller is sufficiently robust to guarantee performance to some damage. In the sequence a 
controller reconfiguration scheme to accommodate the fault is presented and in the last subsection 
a controller to prevent evolution of damage is the subject, always based on 𝐻∞ spatial control. 
6.1 Robust active controller 
The spatial 𝐻∞ scheme has intrinsic robustness properties that can be straightforward used here 
to face small structural damages. Using the first 𝐻∞ spatial controller, simulations of the healthy 
and the damaged systems are presented for the measured output vector, 𝑦1(𝑡), and the spatial 
performance output 𝑧(𝑡). Fig. 14 shows the open-loop time response of the plane model to a 
Schroeder disturbance for the previous BVID damage, the closed-loop for the healthy plate 
response and the closed-loop where the first controller is being used after the occurrence of the 
damage. 
Considering the damaged closed-loop response (Fig. 14) and comparing with the healthy closed-
loop case, it is possible to notice a small increase in modes 4, 6 and 10, but a bigger increase in 
mode 8, both in the performance output and the measured output y1,. But, considering the open-
loop response, there is yet attenuation due to the controller anyway. For the out-of-bandwidth 
frequencies, it is possible to notice amplification of the response, but also by a small factor.  
Based on results in Fig. 14, showing that the differences between the healthy and the damaged 
closed-loop structure response are not significant, it is possible to conclude that a robust controller 
may deal with small damages. Obviously, this is a specific case, but it may be expected that 
similar results be achieved for several small level damages. Furthermore, if a damage study is 
performed first, the controller may then be designed to specifically reject the main damaging 
modes. That being said, the effect of a severe damage may not be so easily treated. In the 
following subsection, we study the effect of a severe damage on the closed loop responses. 
 
Fig. 14: Effect of a small damage on the first controller performance for a Schroeder disturbance response 
 
Fig. 15: Effect of a severe damage on the first controller performance 
6.2 Reconfigurable Active Controller 
The impact on closed-loop performance due to a severe damage may be much more significant 
than the previous case, conducting even to instability. Also, it may be expected that, for some 
well-localized damage, even if it is small, the consequence may be very significant. For these 
cases, an adaptive tolerance is required, demanding a DTAC strategy. A severe damage is 
considered here, adopting  𝚼 = 2 × 10−5. Fig. 15 shows the effect of this damage on response to 
the same Schroeder disturbance input response, using yet the first controller.  
It may be seen in Fig. 15 that now the first controller is not so effective. The performance output 
presents a significant increase in the level of several modes, and mainly in the higher frequencies. 
In the measured output, this is expected with the reduction of stiffness due to damage. 
A reconfiguration to attenuate this damage effect is indicated, and in this case a new controller 
design needs to be conducted, which would be based on an experimental identification of the new 
structure. For an online redesign, this module is necessarily included in the framework, as 
described in Fig. 2. This reconfiguration module design demands some involved modeling and 
also a SHM method and we will be following here the simple approach. In the present case, a new 
controller was designed, based on the damaged FE model. Results for this new controller are 
shown in Fig. 16, where it is clearly visible how the new controller improves vibration mitigation, 
recovering a performance near to the one of the first controller. Fig. 17 presents 𝐻∞ spatial norm 
distribution for the same simulation, and it is very useful to understand the reconfiguration 
controller effect. 
In Fig. 17 it may be seen the previous three closed-loop systems. In the upper panel the healthy 
plate model with the first controller. In the middle panel, it may be seen the first controller facing 
the severe damage and in the lower panel, the second controller after reconfiguration. Damage 
effect in the plate under the strictly robust controller is clearly visible in Fig. 17b, showing high 
amplitude peaks located in the damage region. This effect is also seen in Fig. 17c, but the 
respective peaks are here considerably attenuated, showing only a fraction of the energy from the 
previous case. It is implied that reconfiguration of the spatial controller achieved its goal, and we 
may expect that the operative life of the structure will be extended.  
 
Fig. 16: Controller reconfiguration for a Schroeder disturbance 
 
Fig. 17: Effect of a severe damage on the closed-loop 𝐻∞ norm 
 (YROYLQJDFWLYHFRQWUROOHU
7KHFDVHZKHUHGDPDJHKDVEHHQGHWHFWHGDQGORFDOL]HGDQGZHZDQWWRFRQWUROLWVHYROXWLRQLV
DGGUHVVHGLQWKLVVXEVHFWLRQDSSO\LQJ('$&VWUDWHJ\7KHLGHDLVWRWU\SURWHFWLQJWKHGDPDJHG
DUHD LQRUGHU WRDYRLGWKHJURZWKRI WKHGDPDJHDWWHQXDWLQJYLEUDWLRQLQ WKHUHJLRQZKHUH LW LV
ORFDOL]HG7KLVFDQEHGRQHE\HPSKDVL]LQJWKHFRQWUROOHUSHUIRUPDQFHDURXQGWKHGDPDJHGDUHD
DOEHLWDWWKHH[SHQVHRIYLEUDWLRQUHMHFWLRQSHUIRUPDQFHRYHURWKHUUHJLRQV7KHVSDWLDODSSURDFK
VWXGLHGKHUH LV HVSHFLDOO\ LQWHUHVWLQJ WR WKLV VWUDWHJ\SURYLGLQJ WKLV FDSDFLW\ WKURXJK WKH VSDWLDO
ZHLJKLQJ IXQFWLRQ ܳሺݎሻ 7R VKRZ WKH HIIHFWLYHQHVV RI WKH ('$& VWUDWHJ\ WKUHH ZHLJKLQJ
IXQFWLRQVDQGDSRLQWZLVHFRQWUROOHUDUHVLPXODWHGDQGWKHLUSHUIRUPDQFHVFRPSDUHGRQDVVHVVLQJ
FUDFNSURSDJDWLRQ
$OLNHO\VLWXDWLRQKDVEHHQVLPXODWHGE\FRQVLGHULQJWKDWWKHIRUPHUVHYHUHGDPDJHKDVSURYRNHG
FUDFN SURSDJDWLRQ DORQJ RQH RI WKH FRPSRVLWH SOLHV ,QGHHG ZH KDYH LQWURGXFHG D FUDFN WKDW
EHJLQV IURP WKH ERUGHU RI WKH ILUVW LPSDFW GDPDJH WR WKH ERUGHU RI WKH VWUXFWXUH DORQJ WKH 
GLUHFWLRQRIWKHSO\7KHUHE\DVSHFLILFGDPDJHSDWFKKDVEHHQDGGHGWRWKH)(PRGHOZLWKWKH
LPSDFWGDPDJHDVVKRZQLQ)LJ

)LJ6HYHUHGDPDJHFUDFNDORQJWKHGLUHFWLRQ
7KHFUDFNPHDVXUHV ͸ͺ݉݉ DQGLWVHIIHFWRQIUHTXHQF\UHVSRQVHRXWSXWVDUHSUHVHQWHGLQ)LJ
7KHFKDQJLQJGXHWRWKLVFUDFNGDPDJHLVHDVLO\VHHQDVDVLJQLILFDQWRQHIRUWKH ݕଶUHVSRQVH
:H FDQ DOVR VHH LQ )LJ  KRZ WKLV FUDFN DIIHFWV WKH VSDWLDO ܪஶ QRUPRI WKH QRPLQDO V\VWHP
VKRZLQJDELJYLEUDWLRQLQFUHDVHZKLFKFRXOGOHDGWRLQVWDELOLW\ 

)LJ(IIHFWRIFUDFNGDPDJHRQWKHIUHTXHQF\UHVSRQVHV

)LJ(IIHFWRIWKHFUDFNGDPDJHRQWKHRSHQDQGFORVHGORRSQRPLQDOV\VWHP
)LJGHSLFWV WKHVSDWLDODGRSWHGVFKHPHZKHUH WKHGDPDJHGDUHD LVGHSLFWHG7ZRGLIIHUHQW
VSDWLDO ZHLJKLQJ IXQFWLRQV PD\ EH VHHQ DOVR LQ WKLV ILJXUH D *DXVVLDQ DQG D JDWH IXQFWLRQ
HQFRPSDVVLQJWKHUHJLRQVZKHUHWKHGDPDJHLVORFDWHG7KH\DUHFHQWHUHGRQDPLGSRLQWRIWKH
GDPDJHDUHDZLWKFRRUGLQDWHV ሺͷ͹Ͳ݉݉ǡ ͳͷͲ݉݉ሻ7KHSRLQWZLVHFRQWUROOHUKDVEHHQFDOFXODWHG
IRUWKHSRVLWLRQሺ͸ͷͲ݉݉ǡ ͳͷͲ݉݉ሻ 

)LJ*DXVV ሺܽሻ DQG*DWH ሺܾሻ VSDWLDOZHLJKLQJIXQFWLRQV ܳሺݎሻ
)LJSUHVHQWVUHVXOWVREWDLQHGIRUWKHVHWZRZHLJKLQJIXQFWLRQVDQGDOVRIRUDFRQVWDQWVSDWLDO
ZHLJKWIRUWKHFRPSOHWHEHDPWKHSRLQWZLVH ܪஶ FRQWUROOHUDQGWKHRSHQORRSV\VWHPLQWHUPVRI
WKH ܪஶ QRUP ,W LV SRVVLEOH WR VHH WKDW WKH RSHQORRS ܪஶ QRUP LV JURZLQJ DORQJ WKH ݔD[LV
ZLWK DQ LQIOHFWLRQGXH WR WKHGDPDJH DQGJHWWLQJD KLJK OHYHO DIWHU WKDW$OO FRQWUROOHG VLJQDOV
FOHDUO\VKRZWKHDWWHQXDWLRQLQWKHYLEUDWLRQ7RDQDO\]HWKHVHUHVXOWVLWLVLPSRUWDQWWRQRWLFHWKH
UHJLRQZKHUHGDPDJHLVORFDWHGDQGDOVRWKHSHUIRUPDQFHSRLQWXVHGIRUWKHSRLQWZLVHFRQWUROOHU
7KHRSHQORRSUHVSRQVHVKRZVDPLQLPXPDWWKHGDPDJHUHJLRQDQGWKHQLQFUHDVHVWRWKHWLSRI
WKHSODWH7KHSRLQWZLVHFRQWUROOHUREWDLQV WKHVPDOOHUQRUPEXWRQO\DW WKHVSHFLILF FRQVLGHUHG
SRLQWDQGDIWHU WKLVSRLQW LQFUHDVHV WKHQRUPLQDUDWHELJJHU WKDQWKHRSHQORRSV\VWHP$W WKH
UHJLRQQHDUWKHFODPSRIWKHSODWHWKHQRUPLVVLPLODUWRWKHRWKHUVEXWLQWKHFHQWHULWLVKLJKHU
&RQVLGHULQJ WKH VSDWLDO FRQWUROOHU ZLWK D FRQVWDQW ZHLJKLQJ IXQFWLRQ LW SUHVHQWV D UHJXODU
SHUIRUPDQFHQRWKHFRPSOHWHSODWHDQGRQO\LQDUHJLRQQHDUWKHSHUIRUPDQFHSRLQWWKHSRLQWZLVH
QRUP LV VPDOOHU &RPSDULQJ WKLV ZLWK WKH RWKHU WZR VSDWLDO IXQFWLRQ FRQWUROOHUV UHVXOW RI WKH
FRQVWDQWZHLJKIXQFWLRQFRQWUROOHULVDOLWWOHEHWWHULQJHQHUDOH[FHSWLQWKHUHJLRQRIWKHGDPDJH

















[ORFDWLRQPP
+fQRUP2SHQORRS+HDOWK\DQGGDPDJHG
\ORFDWLRQPP
+
fQ
RU
P











[ORFDWLRQPP
+fQRUP&UDFNGDPDJH&ORVHGORRS
\ORFDWLRQPP
6
SD
WLD
O+
fQ
RU
P

Considering that the objective here is to attenuate vibration on this region, the better one is the 
Gaussian weighing function controller, but both functions protect the damaged area, and the Gate 
function has a performance close to the Gaussian. It is possible to notice that the efficiency of the 
Gaussian weighing function is maximal around the center of the Gaussian.  
 
Fig. 22: Simulated closed loop spatial 𝐻∞ norm for the nominal system as function of 𝑥 at the line 
𝑦 = 150 𝑚𝑚 
7 DISCUSSION 
An investigation of the applicability of spatial 𝐻∞ norm controller design to DTAC strategies 
was conducted here, through extensive FE modeling and simulations, including open loop and 
closed loop study of performance of several controllers and damage conditions, over a case study 
cantilever structure. Different controllers, corresponding to a different strategy were tested. 
The first controller corresponds to the simple strategy to design a robust spatial 𝐻∞ controller 
that may respond well to a structural damage. Results have shown that it is possible to expect that 
for small damages this may work with some loss of performance. Also, for a bigger damage, the 
loss of performance may be beyond an expected level, and it is possible to expect also that 
instability may come as a consequence of the damage localization, even though this did not occur 
in the simulations. 
The second controller was designed according to the strategy that is supposed to become the 
most common, when a controller is reconfigured to attend a detected and localized damage. This 
control scheme may present a SHM module to provide these functions, and a reconfiguration 
mechanism to use data so generated to change the controller parameters in order to face the 
damage. These two modules are necessary to guarantee an automatic online performance, and it is 
not treated here because goes beyond the scope of this paper. Also, it is possible to engage an 
engineer to provide the controller reconfiguration, what was adopted in this case. Results shown 
that it is possible to recover a good performance, similar to the original healthy controller, when 
the spatial 𝐻∞ controller is used to face the damaged structure, under a severe damage. 
Finally, the third analyzed strategy relates to the case when damage was detected and localized in 
some structure, and a controller is designed to maintain the respective damage region under low 
vibration, in order to guarantee an operative life extension to the structure. In this case, the spatial 
norm controller has shown specific features that confirm its vocation for DTAC application. Using 
four different optimization objectives, varying the spatial norm regions constraint, it was clearly 
shown the protection capacity of the controller over the known region of the damage, in this case 
corresponding to a Gaussian weighing function presenting the better performance. 
It is possible to conclude also that the third strategy could be mixed with the first one, which 
becomes the second strategy presented in Fig. 1, the preventive active controller. Considering that 
we may know in advance the more probable region to show damage, the structure could be 
protected using an adequate weighing function, in order to prevent a future damage to occur, or at 
least retarding it. 
8 CONCLUSIONS 
This work aims to elaborate over some fundamental concepts and main strategies of DTAC 
application, presenting several 𝐻∞ spatial norm controller design approach. Based on detailed 
FE models, developed to represent healthy and damaged structures, these controllers and 
strategies are assessed through various simulated results and diagrams.  
Although FTC methods can be adapted to DTAC systems, peculiar characteristics of mechanical 
structures demands specific design solutions, which detach these two areas. In particular, spatial 
constraints, normally present on requirements of active control of structure vibration, indicate 𝐻∞ 
spatial norm as a base for control design techniques of great interest for DTAC application. Those 
characteristics are illustrated on the analysis of the results here presented.   
For the sake of completeness, mathematical modelling is briefly presented, from the structural 
control standing point. Simulated results of the addressed DTAC strategies exemplify the 
interesting properties of the spatial norm approach to face structural damage consequences.  
As future development perspective, new methods to implement modules to provide online 
efficient reconfiguration and switching of controllers, and respective stability analysis, are under 
investigation. The mitigation of fatigue damage and how to take it into account in the design of 
the control algorithm are DTAC's topics that are also currently explored. 
APPENDIX 
We present here the material properties of the active composite structure presented in Section 3.1. 
Hence, the materials properties of each composite layer of the structure are given in Table A1, 
whereas those of the two piezoelectric types in Table A2 and Table A3 respectively. The four 
piezoelectric patches were bonded using Epoxy glue (302-3M, produced by EPO-TEK) with 
properties given in Table A4. 
 
Table A1: Mechanical properties of the composite material (23℃) 
Property 
𝜌 
(𝑔/𝑚3) 
𝐸11 = 𝐸22 
 (𝐺𝑃𝑎) 
𝐸33  
(𝐺𝑃𝑎) 
𝜐12 
𝐺12 = 𝐺13 = 𝐺23 
 (𝑝𝐶/𝑁) 
Value 1154 69 8.1 0,03 4.8 
TableA2: Mechanical and electrical properties of the PZTs (NOLIAC®)  
Property 
Dim 
(𝑚𝑚) 
𝜌 
(𝐾𝑔/𝑚^3) 
𝐸11 
 (𝐺𝑃𝑎) 
𝐸33  
(𝐺𝑃𝑎) 
𝜐12 
𝑑31 
 (𝑝𝐶/𝑁) 
𝑑33  
(𝑝𝐶/𝑁) 
Value  28 × 14 × 0.1  7600 62,50 52,63 0,38 −195 460 
Table A3: Mechanical and electrical properties of the MFCs (Smart Materials®) 
Property 
Dim 
(𝑚𝑚) 
𝜌 
(𝐾𝑔/𝑚^3) 
𝐸11 
 (𝐺𝑃𝑎) 
𝐺33  
(𝐺𝑃𝑎) 
𝜐21 𝜐12 
𝑑31 
 (𝑝𝐶/𝑁) 
𝑑33  
(𝑝𝐶/𝑁) 
Value  ∅30 × 0.1 5440 30.4 5.52 0,16 0,38 −170 400 
TableA4: 302- 3M EPO-TEK glue properties 
Property 
Operating 
temperature 
Coefficient of 
thermal expansion 
Dielectric 
constant  
Dissipation factor Storage modulus 
Value − 55℃ 𝑡𝑜 100 ℃ 193 10−6℃−1 3,39  𝑎𝑡 1 𝑘𝐻𝑧  0,0061 𝑎𝑡 1 𝑘𝐻𝑧 1,73 𝑀𝑃𝑎 𝑎𝑡  23°𝐶 
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